The length of a field is the smallest integer m such that any totally positive quadratic form of dimension m represents all sums of squares. We investigate this field invariant and compare it to others such as the u-invariant, the Pythagoras number, the Hasse number, and the Mordell function related to sums of squares of linear forms.
We say that ip is torsion if n x ip is hyperbolic for some integer n :::: I. We say that ip is totally indefinite if it is indefinite with respect to every ordering of K.
In this article we study certain field invariants taking values in N U {oo}, namely the Pythagoras number p(K), the length e(K), the u-invariant u(K), and the Hasse number liCK). They are defined by Here, the infimum and the supremum are taken in N U fool, so in particular, inf 0 = 00 and sup 0 = O. Each of these invariants is related to the possible dimensions of a specific type of anisotropic quadratic form. Since any torsion form is totally indefinite, we have u(K) :::: liCK). In [10, (2.5) ] it is shown that liCK) < 00 holds if and only if u(K) < 00 and K is an ED-field, in the terminology of [22] . If K is nonreal, then every quadratic form over K is totally positive and torsion, so that £(K) = u(K) = liCK). One of the aims of this article is to investigate the relations between these invariants for real fields with a special focus on the length. This invariant was introduced in [2] and studied together with a certain function g K : N ---* N U {oo} related to sums of squares of linear forms over K.
In Sect. 2 of this article we study the powers of the ideal It K of even dimensional torsion forms in the Witt ring W K of quadratic forms over K and obtain some other preliminary results. In Sect. 3, we study the function gK and obtain upper bounds for its values under conditions on the vanishing of a certain power of It K. In Sect. 4 we revisit and partially improve results from [2] on the length of a field. In Sect. 5 we obtain upper and lower bounds on the length in terms of the other field invariants introduced above. In particular, we show the estimate for an arbitrary real field K with u(K) < 00. For ED-fields, we obtain results relating liCK) and £(K). Wefurther show that£(K) :::: I LK2/ K x2 1, which is a generalization of Kneser's bound u (K) :::: I K x / K x21 for nonreal fields K. In Sect. 6 we give bounds on £( K) in terms of u(K (i». In particular, we obtain a bound for the length of an extension ofR in terms of the transcendence degree. Section 7 is devoted to the construction of examples that show many of our results to be best possible. Following a suggestion by D. Hoffmann, we show that, for any integer n :::: 1 there is a uniquely ordered field K with £(K) = p(K) = n. Moreover, we give examples realizing all possible values for e (K) for fields K with (It K)3 = O. In (7.13) we give an example where the bounds in (1.1) are sharp.
Powers of the torsion ideal in the Witt ring
We denote by I K the fundamental ideal in the Witt ring W K of K, which consists of the classes of even dimensional quadratic forms over K, and by It K the torsion part of I K. Let n be a positive integer. Givenal, ... , an E K X we write ((a 1 , ... , an)) = (1, -al) @ ... @ (1, -an) and call this an n-fold Pfister form. We further write In K = (I K)n and If' K = In K n ItK.
It is a basic fact that r K is generated (even as a group) by the n-fold Pfister forms over K.
It was shown in [I] that Ir K = 0 holds if and only if every (n -I)-fold Pfister form over K represents all totally positive elements of K, which is condition (All) in the terminology of [9] . Whereas this relies on a deep result in [19] , (2. 3) below gives a simple argument that (II K)" = 0 is equivalent to condition (B Il ) in [9] , namely that every totally positive (n -I )-fold Pfister form over K represents all elements of "'LK2. Proof If dim(tp) = 4 and det(tp) = I, then (I, -a) 0 tp E UtK)3 = 0 for any a E "LK2 by (2.1) and thus "LK2 S; G K (tp). Using (2.4) the same then follows for any tp E [2 K having a diagonalization with entries in ± "LK2. Assume now that tp 1: [2 
so that we obtain "LK2 S; G K (tp .L (I, I) and therefore DK (2) = G K ({I, I) S; G K (tp).
Proposition 2.7
Let n E N. 
Corollary 2.8 One has p(K) :s u(K).
Proof If n E N is such that 2" :s u(K) < 2"+1, then (/tK)II+1 c [:,+1 K p(K) :s 2" :s u(K), by (2.7).
The Mordell function o and
For a field K and n EN, we denote by gK (n) the infimum in N U {oo} of the set of natural numbers m such that m x (1) contains every totally positive form of dimension n over K.
This defines a function gK : N ~ N U {oo}, which we call the Mordellfunetion of K. By [2, (2.4) ] gK coincides with the function introduced in [7] in terms of sums of squares of linear forms, based on work by Mordell in [18] on positive definite integral quadratic forms. Proof Using part (d) of (3.1) for m = n = I and r = 2 yields gK (2) :s 4. The statement follows using part (e) of (3.1). 
(ii) gKCm) = m + r -1 for all integers m :::: 1. Only the proof of (i) =? (i i) required the hypothesis that I ::: r ::: 3. An example of a real field K with £(K) = 3 will be given in (7.3).
We next want to relate the length of a field to conditions on the vanishing of powers of the torsion ideal in the Witt ring. Let rp be an arbitrary totally positive quadratic form of dimension 4k over K. The following characterization of the length will be used in (5.6) below. 
Proposition 4.6 One has t(K)
:Let d = d±(rp) = det(rp) E L,K2. Then rp ..1 (d) is
Lemma 4.9 One has t(K) = inf(S)
and therefore 1 E DK(rp). We write rp = (I) ..1 rp' with a form rp' of dimension mover K. Then rp' is totally positive and det(rp') = det(rp) = 1, so that rp' is positive-universal over K and thus rp' = (d) .. 
Comparison of field invariants
We will compare the length of a real field with other invariants such as the u-invariant, the Hasse number, and the cardinality of the square class group.
Proposition 5.1 If K is not pythagorean, then £(K) ::: liCK).
Proof Let n be any positive integer with n < C(K). Let <p be a totally positive form over
is anisotropic and totally indefinite, so n + 1 = dim(<p .-L (-a) ::: liCK). This shows the claim.
Theorem 5.2 For any real field K with u(K)
Proof Since K is real and u(K) < 00, we have u(K) = 2m for some mEN. As gK (m) :::
2), to prove the first inequality it is enough to show that gKCn) < 2n.
This means that <p and n x (1) have a common subform 1/1 of dimension n -m. We write
Since <p' is a totally positive form of dimension m, it is contained in the form g K (m) x (1), whence <p is contained in (n + g K (m» x (I). This argument shows that gK (n) ::: n + gK(m) < 2n.
The following estimate was obtained independently by D. Hoffmann.
Corollary 5.3 For any field K, one has C(K)
Proof Assume that u(K) < 00. If K is real then the claim follows from (5.2). If K is nonreal then C(K) = u(K) and the bound is stilI correct.
In particular, (5.3) yields that, if p(K) ::: 2, then C(K) ::: u(K) + 1. In (7.13) we shall
give an example where the estimates in (5.2) and (5.3) are sharp. We now give bounds for the length in terms of the u-invariant. Proof For n :::: I, this follows from (4.1) and (4.6). Assume now that n ::: 2 and If K is a nonreal field, then 2:.K2 = K X and £(K) = u(K), so in this case we retrieve Kneser's statement. Since (5.12) only holds for totally positive forms, there is no adequate version of Kneser's statement on the u-invariant that would cover real fields in general.
Proposition 5.4 If K is not pythagorean and C(K)
:(ftK)ll+1 = O. If K is nonreal, then £(K) = u(K) :::: 2"-2 (u(K) + 2) + I. So,K (1/1) = G K (1/1) = 'L K2 by (2.5). Hence, d E D K (1/1) and 1/1 = 1/1 I ..L (d) for some form 1/1' over K. Then rp ..L (d) = 1/1' ..L (I, d
Corollary 5.10 For the field K the following are equivalent: (i) K is an ED-field with u(K) < 00. (ii) K is an ED-field with £(K)
<
Corollary 5.11 Assume that liCK) = 6. Then u(K). £(K)
However, it was shown in [22, (4. 2)] that, if K is an ED-field, then u(K) ::s I 2:.K2; K x2 1.
Quadratic extensions

There are upper bounds on the u-invariant and the length of K in terms of u (K (i». Note that, if
K is an extension of transcendence degree n of a real closed field, then u (K (i» ::s 2" by TsenLang Theory. In [6] itis shown that, ifu(K (0) ::s 2" withn :::: 2, then u(K) ::s 2,,+2 -2n -6, improving for n :::: 3 a bound from [9] . The following improvement of a similar bound in [2] on the length was pointed out to us by C. Scheiderer. .1 (1, -1) contains (a, a, b, b) . 
Then b is a unit with respect to v and its residue is the element 4X
In order to obtain examples of fields where the invariants discussed in this article take certain prescribed values, we use a classical technique going back to Merkurjev's u-invariant construction. We begin by recalling from [3] a reformulation of this into a general construction principle. Using this principle to produce examples of fields with prescribed invariants requires, on the one hand, a good choice for a starting field k along with a class C of field extensions of k, and on the other hand, special results to derive conclusions about the extension K / k thus obtained by (7.1). The results on function fields of quadratic forms that we will use in the sequel are classical and contained in [17, Chap. X, Sect. 4].
Theorem 7.1 Let k be afield of characteristic differentfrom 2 and C a class offield extensions of k such that the following conditions are satisfied:
We say that a quadratic form <p over K is partially indefinite if it is indefinite with respect to some ordering P of K. Note that this is equivalent to saying that dim (<p) ::: 2 and the function field K (<p) is real. Recall that <p is totally indefinite if it is indefinite with respect to all orderings of K; if K is uniquely ordered we omit 'partially' or 'totally' and just say 'indefinite' . Remark 7.2 Let K be a real field. If there is an upper bound on the dimensions of anisotropic partially indefinite forms over K, then K is uniquely ordered. In fact, if K is not uniquely ordered, then there is a E K x \ ± "2..K2 and this gives rise to many anisotropic partially indefinite forms over K such as n x (I) 1. (a) or 2 n x (l, a) for arbitrary n E N.
We now give examples of fields of length 3 and 5.
Example 7.3 Letk be areal field with p(k) ::: 3 and fix a E Dk(3)\Dk (2) . Consider the class of real field extensions K / k such that a 1: D K (2). Using (7.1) it follows that there exists a real extension K / k with a 1: D K (2) and such that, for any anisotropic partially indefinite
With [17, Chap. X, (4.5)] we conclude that any anisotropic partially indefinite form over K is similar to a subform of (1, 1, -a, -a) . , (1, 1, -a, -a) is the only anisotropic indefinite twofold Pfister form over K, but for b E KX\DK(2)UaDKC2) the form (1,1, -b, -b) is anisotropic and different from (1,1, -a, -a) , so itis totally definite, whence b E -"2..K2.
For the following examples we need the Clifford algebra of a quadratic form; we refer to [17, Chap. V] and [20, Chap. 9] . Given a form q; over K we denote by C(q;) its Clifford algebra and by Co(q;) the even part of C(q;). If q; has even dimension then C(q;) is a central simple algebra over K. For a central simple algebra A we denote by ind(A) its Schur index. Given s E L:Kz, the indefinite form 1/1 = (1, 1, -s) over K becomes isotropic over KU), in particular ind(C(rpK(i)("'») = ind(C(rpKU»))' so the hypothesis implies that 1/1 is isotropic over K. Therefore p(K) ::: 2.
We write rp = rp' .1 (a) with some a E L:K2. Since ind(C(rpKU»)) = 2m, the form rpK(i) is anisotropic, so that rp does not contain the form (a, a) there exists a real field extension K/k such that ind(C(cpK» = 22m+l, whereas for any anisotropic partially indefinite form 1ft over K one has ind«C(cpK(l/r») < 22m+l. By (7.10) then K is uniquely ordered I? K = 0, u(K) = 4m + 4, and C(K) = 4m + 3; moreover
We now give an example where the bounds in (5.2) Proof Let s E 'LK2. We put cp = (1. 1, -s).
is a rational function field over K (i), and this allows to conclude that the extended form (1ft 1..
(-I) )KU)(\O)
is still essential. Since cp is totally indefinite over K it must be isotropic, so s E DK (2). There- We now give two examples of uniquely ordered fields K with u(K) = 6, illustrating (5.11).
Example 7. I4 Let 0' be an anisotropic 6-dimensional torsion form of trivial discriminant over some real field k -for example 0' = (I, I, -3, -21, X, -7X) over k = Q(X). By (7.1), there exists a real field extension K / k such that O'K is anisotropic, whereas O'K (l/r) is isotropic over the function field K (1ft) of any anisotropic partially indefinite form 1ft over K. Using [16, (1.1)], it follows that every anisotropic partially indefinite form over K is similar either to a twofold Pfister form or to a subform of O'K. Therefore u(K) = u(K) = dim(O') = 6, and e(K) ::: 4. Furthermore, K is uniquely ordered by (7.2), and thus C(K) = 4 by (5.11). Proof By [16, (1.1)], it follows from the properties of a that any anisotropic partially indefinite form over K is similar to a twofold Pfister form or to a subform of a. In particular, liCK) = dim(a) = 6 and K is uniquely ordered. By a signature argument, a does not contain any torsion form of dimension larger than 2, so it follows from the above that u(K) :s 4.
Since a is anisotropic, the totally positive form (1, 1, I Example 7. 16 We start with constructing a real field k with elements a, b E ""L,k 2 such that the quadratic form (I, I, I,a, -b,ab) over k is anisotropic. To this end we take a,c E N such that a == I mod 8, C == 7 mod 8, and a is not a square number (e.g., a = 17 and C = 7).
We consider the form a = (I, 1, I , a, _(T 2 +c), a(T 2 +c)} overQ(T) and its residue forms with respect to T2 + c. Note that the residue field Q(,.j=c) is contained in Q2 and that a is a square in Q2 but not in Q(Fc). The first residue form is (1, 1, I, a), which is anisotropic over Q(Fc) because it becomes isometric over Q2 to the anisotropic form 4 x (1). The second residue form is (-I, a) over Q(Fc), which is also anisotropic, as a is not a square in Q(Fc). This shows that CI is anisotropic over k = Q(T), and we take b = T2 + C. By (7.1) there is a real extension K / k such that aK is anisotropic while aK(1{t) is isotropic for any anisotropic partially indefinite form 1/1 over K. By (7.15) then K is uniquely ordered, To our knowledge, this is the first example ofa field K with p(K) = 4 and p(K(X» ::: 6.
Remark 7.17 The hypotheses in (7.15) imply also that u(K(i» = 4 and 1 3 K(i) = O. In particular, this holds for the field K obtained in (7.16) . Using a stronger version of (7.1) in (7.16), one can achieve that K also has no proper finite extensions of odd degree. 
